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Random polytopes: a quick overview

Binomial model
K := convex body of RY

(Xk,k e N*):= independent and uniformly distributed in K

K, := Conv(Xy, -+, Xp), n>1

Kso, K ball Ksg, K square
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Random polytopes: a quick overview

Poisson model
K := convex body of RY

P, A>0:= Poisson point process of intensity measure Adx

Ky := Conv(Py N K)

K500, K ball K500, K square



Random polytopes: a quick overview

Expectations fi(-) := number of k-dimensional faces

K smooth E[f(K,)] ~ Cd’k/ fPids
n—o0 oK

ks := Gauss curvature of 0K

K polytope E[fi(Kn)] ~ cuuF(K) log?~1(n)

F(K) := number of flags of K

A. Rényi & R. Sulanke (1963), H. Raynaud (1970), R. Schneider & J. Wieacker (1978), F. Affentranger & R. Schneider (1992)

Variances

K smooth Var[f(K))] ~ cd’k/ KFds AT
oK

A—00

K simple polytope  Var[fi(K))] | ~ efs() log®~*(A)
— 00



Random polytopes: a quick overview

Localisation of OK,,, K = B

With high probability
2
aKn C ]Bd\ <1 —cy (Iogrsn)> d+1> Bd
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Appendix: case of the Gaussian perturbation

Joint work with Joseph Yukich (Lehigh University, USA)
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Motivation: smoothed complexity

Reference : Smoothed analysis: why the simplex algorithm usually
takes polynomial time, D. A. Spielman & S. H. Teng (2004)

» The expectation of the number f(K,) of extreme points
describes the mean complexity of the hull.
~> In general, the data are not purely random.

» The complexity in the worst case, i.e. all points in convex
position, would be n.
~» This estimate of the efficiency of a construction algorithm
is usually too pessimistic.

» The smoothed complexity interpolates the two complexities:
we perturb an arbitrary point set and we calculate the
maximum of the complexity over all possible initial
configurations.



Smoothed complexity of random polytopes

Reference : Smoothed complexity of convex hulls by witnesses and
collectors, O. Devillers, M. Glisse, X. Goaoc & R. Thomasse (2016)

Bounds for

Comp(n, p) := max E(f(Conv({x1 + e1,...,xn+ €n})))

X157 3 Xn

with eg, ..., e, i.i.d. and p-distributed
= uniform inside a ball or centered Gaussian distribution.



Model of perturbed points

» 2 parameters: n > 1, a € R
» Xi,...,X, iid. and uniformly distributed on the unit sphere S9~1

» e1,...,€p ii.d. and independent of the X;,
e1 := e1(«) uniformly distributed inside B(0, n®)

> )~(1:X1+e1,...,)~(,,:Xn—|—e,,

Kn(a) := Conv({X1,..., X,})

Ky («) := corresponding Poisson model

Aim
Asymptotics of E[fx(Kn(@))], E[fc(Kx())] and Var[fi (K ()],
CLT



Simulations with n = 100

Values of v : -1, -1/2,-1/4, 0, 1/3, 2/3



Simulations with n = 1000

Values of o : -1,-1/2,-1/4, 0, 1/3, 2/3
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Main results

E[fi(Kn(a))] ~ Mmoo x(c)nd=15),

— 00

Var[fi(Kx ()] o Voo,k(a))\(d_l)’g(a)'

0 <(|og /\)3d+1

d—1)B
)\( ; ()

. (fk(KA(a)) — Elf(ka(e))] t> ~P(N(0,1) < ©)
Var([fi(Kx(a))]

sup
t



Main results

E[fi(Kn(@))] |~ Mo k()@ D7),

Var[fk(KA(a)] )\:;OO Voo’k(oz))\(d_l)ﬁ(a)_

sup
t

_o <(|Og)\)3d+1

. (fk(KA(a)) — Elfi(Ka()] t) ~P(N(0,1) < t)
Var|[fi(Kx(a))]

What is the exponent (a)?

d—1)A(a
)\( g(w)

)



Exponent for the growth rate

A

, 0




Exponent for the growth rate

s 0

_2 L . .
n~ @1 minimal interpoint distance
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1 d-1
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Exponent for the growth rate

~ n extreme points

{

s 0




Exponent for the growth rate

s 0

Maximal number of interior points

1
| d-1
1
1 d+1
/—
2d
| | >
_ 2 0 2




Exponent for the growth rate

s 0

n#1 width of 0K,




Exponent for the growth rate

s 0

d-1 .
1 ~ ndil extreme points




Interpretation of the exponent

B := B(«) is such that
> E[fi(Kx())] is oc n(d=1)8,

» OK)(«) is located with high probability in an annulus of
: log n —2p
thickness o (1 + n®) <%) :
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Use of a scaling transformation

n) By(0,14n%) — RITI xR,
' x o ((en)exozty g (en?(1- 125)).

expy_q i RI71 ~ TuoSd’l — S9-1 exponential map at up € S91




Effect on the point process

a[(1 +n*)BY

T Xy, ..., X)) CcRITL xR,

When n — oo,
T (X, ..., X, }) B plooe),

P(0:2) .= Poisson point process in R?~1 x R, invariant under hor-
izontal translations and with explicit density f,(h).



Limiting Poisson point process, a < —%

fa(h)




Limiting Poisson point process, a = —2%

L fah)




Limiting Poisson point process, a € (—ﬁ, d%l)

L fah)




Limiting Poisson point process, @ = 735

L fah)
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Limiting Poisson point process, o > 735

L fah)




Density of the limiting Poisson point process

1(h=0) a € (—oo, d_—_zl)
s1(h) - 1(0,2)(/7) a = d%zl
fo(h) == AT o€ (7%, 727)
s2(M)1(02)(h) + 1) (h) o= 37
(1 a € (%H,oo)

wq := volume of the unit ball BY
s1(h) := area of By(up, 1) N (RY™! x {h}) with ug = (0,...,0,1)
s2(h) := area of the spherical cap By(ug, 1) N (RY~1 x [0, A])



Explanation of the convergence of the point process

An(v. 7 by, o) i= T (By_y (v, r) x [hy, ho])
Pn(V, r, hla h2) = IED[)<1 S An(V, r, hla h2)]

pn(v, r,h1, hy) = E[P[Xy € An(v, r, by, ho)|X1]]
_E Vol(B4(X1,n®) N An(v, r, h1, h2))
o Vol(By(X1, n*))
1

= / P(X1 € Bg(x, n%))dx
An(v,r,h1,h)

wdnda

1 / HOY(Ba(x,n") NS |
= X
wdnda n(v,r,h1,h2) dOJd

» Change of variables (v, h) = T(m®)(x)

» Explicit calculation of H41(By(x, n®) N S9~1) with
Ix| = (14 n®)(1 — n—28h).



Effect of the scaling transformation on K,(«)

—
| Initial model | Rescaled model
Perturbed points Poisson point process in R9~1 x R
Half-space translate of Mt

Boundary of K,(«) | Parabolic hull process
k-face of Ky(«) Parabolic k-face

2

M= {(v,h) eRIIxR:h> MY b= {(v,h) e RIL xR : < — 1Yy




Rest of the proof

» Rewriting of the functional

1
f(Kn()) = P 1#(k ~faces of K,(a) containing X;)
i=1

» Poissonization, Mecke's formula, change of variables provided
by the scaling transformation

» Stabilization
R(x):= minimal r such that #(k-faces containing x) only
depends on {X1,..., Xy} N B(x,r)

P(R(x) > t) < ce™t" /¢
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Reminder on the Gaussian polytopes

Model K, := convex hull of ni.i.d. N(0, I4)-distributed points

-1

Expectations E[f(Kn)] Gk Iog z (n)
n—oo

A. Rényi & R. Sulanke (1963), H. Raynaud (1970), F. Affentranger & R. Schneider (1992), Yu. Baryshnikov & R. Vitale (1994)

Variances

Varlfi(Kn)] ~ e + log“= (n)

Localisation

0K, included with high probability in an annulus around a critical

radius ~ 1/2log n of thickness ~ '%”




Model of the Gaussian perturbation

» 3 parameters: n > 1, aj, a2 € R
» Xi,...,X, iid. and uniformly distributed on the unit sphere S9~1

» e1,...,€ep i.i.d. and independent of the X;,
e1 := e1(ag,az) ~ N(0,0214) with o, = n® (log n)*2
> Xi=Xi+en,..., X =X+ en

Kn(a1, an) = Conv({X1,...,X,})

Ky (a1, ag) := corresponding Poisson model






Regimes for E[f(K,(a1, az)]

d—1
E[fk(Kn(al,az)] ~ Ck.d Iog 2 (n)

Q3




Regimes for E[f(K,(a1, az)]

ap(d—1)

E[fi(Kn(a1,02)] ~ ckgn™ 2 log

Qg




Regimes for E[f(K,(a1, az)]

E[fc(Kn(a1,a2)] ~ n

e




Thank you for your attention!
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